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Abstract— The ball and beam system is one of the most
enduringly popular and important laboratory models for
teaching control systems engineering. It is widelysed because

it is very simple to understand, and the control tehniques that o /W

can be studied it cover many important classical ath modern .

design methods. This system has a very important pperty; it

is open loop unstable. It is very simple system thas, a steel f\ﬁggf m

ball rolling on the top of a long beam. The beam immountedon ~ ==hmmememmmmseseees

the shaft of an electrical motor the beam can belted about its ‘

Centre axis by applying an electrical control signato the P

motor amplifier. This paper describes how to obtainthe

equations of motion for the Ball and Beam proces& here are

two different methods for obtaining equations of te model. Motor Amplfier

One of them is derived with simple mathematic equéains using

Newton’s second law and another through the use dthe Fig.1:diagram of ball and beam

Lagrangian Method.

Index Terms—ball and beam, Lagrangian method, The fig.1 shows a typical ball and beam diagram.

Mathematical model, Newton's law, Here ball is balancing at the center of a beameHeam is
supporting at the middle [2]. Beam is making scangle

I. INTRODUCTION with horizontal axis. At a particular angle, balletg

balanced.

The ball and beam system is also called ‘balanaibgll on

a beam’. It can usually be found in most universioytrol There are two configurations to support the beam.
labs. This system is generally linked to real oaintr One configuration is shown in the Fig. 2, whiclustrates

problems such as horizontally stabilizing an amplaluring that the beam is supported in the middle, andestagainst
landing and in turbulent airflow[1]. The systenoften used ItS central axis. Most ball and beam systems usetype of
as a bench mark problem for many different corseplemes  Configuration. The advantage of this form is thas ieasy to
such as the control model in the rocket topplingteny ~ Puild, and the mathematical model is relativelypsien
system,[2] where a feedback system is used to pteve The other configuration is shown in Fig.3. The

rockets to topple out of balance during launchdrgds and P&am is supported on the both sides by two leveb4t]
moments that could perturb the vertical motion. One of level arms is pined, and the other is califite

There are two degrees of freedom in this system. output gear. The disadvantage of this configurat®othat
1) Ball rolling up and down the beam more consideration of the mechanical parts is reguiand

2) Beam rotating through its central axis. this may add some difficult_ies in deri_ving a mat_}aaei(ral
The main aim of the system is to control the positf the model. The advantage of this system is that redbtigmall
ball to a desired reference point, and reject esler MOtor can be used due to the leverage effect.
disturbances such as a push from a finger. Ball

The control signal can be derived by feeding bac d Beam Shaft
the position information of the ball. The contrabltage ®/
signal given to the DC motor via a power amplifidre
torque generated from the motor drives the beawilit | Y
rotate the beam to the desired angle. Thus, tHechal be
located at the desired position. It is importantptint out
that the open loop of the system is unstable amdimear. Fig2:beam supporting at the middle
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e derive a mathematic model. Some other methods, asich
TE = \ system identification method[10], [11] or experirt@n
o goi mom method, are applied in more complex systems, whieh
== o impossible to derive an accurate model by simplesldt is
- AN worthwhile to note that the model derived in thiofming is
: \,‘ only an ideal model regardless which kind of methsd
! O s used. In other words, it is impossible to build erfect
e model.
Fig3: beam supported on both sides

A. Newton’s second law

Here we are considering the relationship betweel ba
position and beam angle[3].

Based on the shaft supporting the beam in the mjddére
are two further configurations. One is, positioe tteam in
the middle of two supports. The advantage of thgesn is
that the beam is supported does not experience raemo
[6]. The second configuration cantilevers the besfmthe

shaft. This configuration has been employed in fnigect U

because of the simplified mechanical design. Parameters that taken under consideration are the

In this ball and beam system we use Stainless stdellowing:a - Beam angle coordinate, L - Beam Length, m -
ball of diameter 20mm which is placed on the Palyoaate Mass of the ball, R - Radius of the ball, J - Batlioment of
beam in the Aluminum channel has the length of 700m inertia, G - Gravitational acceleration, x - Pasitiof the
Aluminum channel, is made of the standard Aluminunball.
channel [7]. A DC motor with the gearbox and thgitdi
encoder is commercial available for tilting the imea

— ANANALANAN Ve

Ball

l F T“N )

Fig4.linear potentiometer

9 volts

" Fig 5.free body di f ball and b t
Position of the ball measured by the help of 19 >-ree body diagram of bafl and beam system

resistive wires placed on the beam. Resistive witade of
nickel-chromium Position sensor amplifier, is uséal
amplify and filter the high frequenciesof the balposition
signal [2]. Two types of sensors are involved insth

Free body diagram of ball and beam system is shiawn
the fig.5 above. Suppose our ball is in its eqtillitm point.
Consider all forces acting on system. ‘mg’ the \eigf ball
which is acting downwards. mgsin Neglecting frictional

application, the position sensor which measuregtsition
of the ball on the beam and the angle sensor whiehsures
the rotational position of the beam. Cheap, rediatdind
good resolution sensors are required in this apidio.

In the next chapter, a theoretical analysis ofttéiké

forces, the two forces influencing the motion of thall are:
- Ftx Force due to translational motion
- Frx Force due to ball rotation.

and beam system will be presented. The mathematiqad,ce due to translational is:

model of the system is derived to model the systéhe

model will be further simplified to achieve a bette

controllability.

I. MATHEMATICAL MODELLING

.. d%x
=2
dt?

1)

Fie=m.i

The ball and beam system should be fully understoogPraue due to rotation of ball is,

before attempting to control it. A theoretical ayséd is the
first step to approach this ‘black box’ system.Uktya
analytical processes require engineers to investiga
system based on universal laws of physics and their
experience. it is essential to build a mathematcatlel of
the system to express the relationships between
components. Usually, there are several technigsesl to
derive the mathematical model[3]: the transfer fiormc
between input and output. The simplest way to éelthe

mathematical model is to employ physics and eleatro

laws to express the system. In this case, the ayisterery
simple, thus this method of delivering is most @éfnt to

T, = FpR=J2L = L5

So the force due to ball rotation is,

F.=L

all =3

&)
Moment of inertia of the sphere is,
2 2

By substituting (3) in (2)
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It gives,
2.
Frx:g mX

By Newton'’s second law force balance along inclorats,

E, + F, =m.g sina(4)

Substituting the above equations in (4) we get,
X = gg. sina

(®)

The above (5) is derived from the relation of h@dkition
and beam angle. Next step is to derive the reldigtween

beam angle with motor voltage. So the total transf

function is the product of model of the ball pasitiwith
respect to beam angle and the model of the angleeps
with respect to the motor voltage, ie,

H(s)=H o(s) xHx(s) (6)
Where,
H ,(s) is the Model of the angle process with respeche
motor voltage
Hy(s) is the Model of the ball position with respéatthe
beam angle

Model of beam angle vs. input voltage

The relationship between the input voltage and th
angle of the beam is defined by the DC motor tremsf
used for angle control

function[13]. The DC motor,
application may be thought of as the ‘dirty integraor the
integrator with a filter action as shown in fig 6.

o oEN

Fig.6. general DC motor block diagram for angle cotmol

k 1
tau.s + 1 m—) s

After substituting the measured parameters on ttigah
model we get the transfer function of the DC matsyr

_8(s) _ 1154

Hol®) T V() s(1+0.4s) @
Also from (5) taking Laplace transform we get,
_x(s) 5/7.g
H(e)Z 5 =25 (8)
Finally we get overall transfer function of the t&ys,
10.5
HO)=5 0ern $3(0.4s+1) ©)

B. Lagrangian methods

The control objective is to control the torquapplied at the
pivot of the beam, [4]such that the ball can rolltbe beam
and track a desired trajectory. The torque caubkes &
change of the beam angle and a movement in théqrosf

the ball.

Os

"y

——

The parameters of the ball and beam are definéallag/s:
Ib - Beam’s moment of inerti@p - Beam angle, ms - Mass
of the ball, Is - Ball’'s moment of inertia, rs - dRas of the
sphere, rb - Position of the ball.

Kinetic energy of the system is,

Tiotal = Toeam + Tsphear (10)
Tbeam = T(beam)frame + T(beam)body_center
Tsphear = T(sphear)frame + T(sphear)bodyfcenter
%ach energy is,
T(beam)frame=0
1 . 2
T(beam)body,centerzz . Ib- Hb
1 iz 1,
Tspere,frame = E (ms- Ty ) 6, + E-ms- Ty
1 P
T(sphear)body_center :5 . Is- 95 (11)
Where,
2 2
Is = 5 (r.ns-rb )
Iy = TIs. 05

'Ehen (11) become,

T(sphear)body center ™ 2[ (ms I'b )]

So total kinetic energy of the system is,
1 2.7 .
Trotar= 5 [(Up+ms.15%). 6 +g-ms-7‘b2]

The rolling ball alone exhibits the potential eneaf the
system:
V=mg. g1y sin @,

To write the equations of motion, we define the aagian
L, to be the difference between the kinetic andeptil
energy of the system.

where g denote the so-called generalized coordirat¢he
system, T is the kinetic energy of the system anid Yhe
potential energy of the system.

by substituting equations of energy, we get,

L:% [(I,+mg.132). 9b2+§.ms.i‘b2]-ms. grysing, (12)

Lagrange’s equations of motion are formed from:

d , oL

E(aql)
whereF; is the external force, in this caBg ist.
qi in this case ar8, andr,.

From these equations we get equation of motion as:
(I,+mg.1,2). 8,+2. mgry1y,0,-mg. g1, cOs 0,=T (13)
By +2(g. sinB, — 1,6, )=0 (14)

Nonlinear states aég 6, ,r, 7
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Then the state equations become,
g .
i 6=f

2mg. 1,

dé—@j—( )é' (ms.g.rb.coseb)+( 1 ) B
dt ~ \I, +mgn,2/’ " I, + mg. 1,2 I + mg. 1,2 T=h

dr

I azr_ﬁ
| - 5 ., 5
L E=r=?rb9b =.g.sinB, =f,
To have a desired equilibrium in:
6,=0 6,=0
=1 7, =0
and
x,=6 — 6,=0
x,=0 — 6,=6

xX3=r—-r, =r—1
X4=F — T,=F
Thus we get linearized state space model as,

0 0
—ms. g

—F2@F_.0
TIb + Tﬁ;S)

0 1
0 0

. 1_
6, b;[ 0
Op |=| 8y | ¥ 7+ me
TS
#d Lfdsl ¢ Ol

1 0 0O

Y=[0010r

Ill. RESULT

Roots of this system are showing in the fig.7.Itlsar that
among the four roots two of the poles are locatingnargin
and one on the left side and other on the righ.sid

Figure 1 - o IEH
Insert  Tools Desktop Window  Help ~

LA MBEL- 2|08 O

File Edit View
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Fig 7. Poles of the system.

Fig 8 shows the step response of the system.Faphgn
fig8 is the angle of the beam changing with respect
input.it is clear that angle value goes to infirstyice there is
no control action. Similarly the second graph shpasition
change of the ball. Uncontrollability of positiord ball is
clear from the graph.
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Fig.8:step response of the system
IV CONCLUSION

Before go for the control of system its modellisg i
that much important The main goal of this paper teado
the modeling of the Ball and Beam processand tatifye
the various control strategies applicable to cdntios
nonlinear open loop unstable system. Objective been
fulfiled by the help of newton’s laws of motion drhe
Lagrangian method. Figures 7 and 8 gives us tharclit
nonlinear nature of our system. So, these reshtiw/s that
better control action is needed to control this limear
system.
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